ABSTRACT. An inversive difference field ?J(is a field K together with a finite number of automorphisms of K. This paper studies inversive extensions of inversive difference fields whose underlying field extensions are separable algebraic. The principal tool in our investigations is a Galois theory, first developed by A. E. Babbitt, Jr. for finite dimensional extensions of ordinary difference fields and extended in this work to partial difference field extensions whose underlying field extensions are infinite dimensional Galois. It is shown that if X is a finitely generated separable algebraic inversive extension of an inversive partial difference field 3( and the automorphisms of D( commute on the underlying field of 3( then every inversive subextension of X/3( is finitely generated. For ordinary difference fields the paper makes a study of the structure of benign extensions, the group of difference automorphisms of a difference field extension, and two types of extensions which play a significant role in the study of difference algebra: monadic extensions (difference field extensions X/SX having at most one difference isomorphism into any extension of D() and incompatible extensions (extensions X/% yi[/3( having no difference field compositum).
Babbitt's results. They are discussed here in light of the new proofs and techniques offered by the Galois theory. The most important of these is Theorem 5.2 which shows compatibility of an extension X/IK depends only on the finite dimensional subextensions of X/% The proof given here makes no use of the Babbitt composition mentioned above or of benign extensions.
A concept of limit group is developed in §3 and then used to examine the structure of benign extensions. Theorem 5.7 shows that the group of difference automorphisms of a finitely generated universally compatible extension has its composition series equivalent to the composition series of the limit groups of that extension. Finally, examples will be given to show monadicity does not imply universal compatibility and there exist nonbenign algebraic difference field extensions with trivial cores.
Notation and conventions. Henceforth all difference fields will be inversive; that is, a difference field D(W\\\ consist of a field K, called the underlying field of D(, and a finite number of automorphisms, at,...,on, of K, called the transforming operators of % We will write (K; a,,..., a") for % If G is a group, /i,... ,fn are automorphisms of G and N C G then H /,*' .. .f"k"(N) will denote H {/,*' • • -tf-iN) | Jfc,, ...,k" are integers}. If n = 1 we will denote/,*^) by A^.
If ... 6-1, G0, G\,... are topological groups X Gk will denote the (topological) direct product X^l.^ Gk. c denotes proper containment and < strictly less than.
1. The Galois correspondence. Let JYbe a difference field with underlying field K and transforming operators 0\,..., %. Let X, with underlying field F and transforming operators ax,..., an, be a (difference field) extension of J(. Further, take F to be a normal separable algebraic extension of K. Make the Galois group G of L/K into a topological group by giving it the Krull topology [2] . G is compact, Hausdorff, and has a basis at the identity, e, consisting of the collection of invariant, open (and hence closed and of finite index in G) subgroups of G. Each automorphism a¡ of F induces an automorphism (topological) f¡ of G as follows:
fi(g) = oflgo¡. The following are easily verified. First, if 77 is a stable subgroup of G then, for i = 1,..., n, a, is an automorphism of F (77) . Second, if <s/H, with underlying field M, is a subextension of £/D( then G(M) is a stable subgroup of G.
If H is a stable subgroup of G then X(H) will denote the subextension of X/3Ç with underlying field L(H) and transforming operators a, \L(H),... ,o"\L(H). If JV[ is as in the preceding paragraph then G(^M) will denote the stable subgroup
G(M).
If H is a closed invariant stable subgroup of G then each / induces an automorphism (topological) h¡ on G/H as follows: for g G G, h¡(gH) = f¡(g)H. We will denote h¡ by / if no confusion arises. Theorem 1.1. Let X, D(, L, K, G, a,,..., o",/,,..., f" be as above.
(a) The mapping JV{ -» G(JH) establishes a 1-1 correspondence between the set of (inversive) subextensions of X/J( and the closed stable subgroups of G. If J\J[ is a subextension of X/3( then X(G(JW)) = J\l{ anoedf H is a closed stable subgroup of G then G(X(H)) = H.
(b) Let JW.be a subextension of X/EK with underlying field M normal over K. If G' is the Galois group of M/K and gx,..., g" the automorphisms induced on G' by 0\ \M,... ,o"\M respectively then there is a natural isomorphism op : G/G(<=M) -* G' (of topological groups) such that for i = 1,..., n, <ph¡ = g¡cp where h¡ is the automorphism of G/G(JH) induced by f¡. 2 . Finitely generated extensions. Let X be a difference field extension of the difference field % L, K the underlying fields of X, Irrespectively, and a,,..., a" the transforming operators of X.
Let 5 be a subset of L. We denote by D( <5> the intersection of all subextensions of X/D( whose underlying fields contain K u S. Let 2 be the set of all products of integral powers of the a, and S' = [r(a) | t G 2, a E S}. The underlying field of ^«5» is K(S'). If S = {a<'\ ... ,a<">} is finite we write K «a<'>,..., a<">» for 3(<^S^>.
Definition 2.1. X is finitely generated over I^if there exists a finite subset 5 of L such that X= D( <5>. If the underlying extension of X/3( is Galois with Galois group G and induced automorphisms /,,..., f" we say (G;f,... ,f") or simply G is of finite type if and only if X/IK is finitely generated.
Note that Definition 2.1 is not equivalent to the definition of a finitely generated difference field extension given by Cohn in [4] . X/D( is finitely generated in the sense of Definition 2.1 above if and only if it is the inversive closure of a finitely generated, in the sense of Cohn, difference field extension of % Now, suppose L/K is an algebraic extension and L* is the normal closure of L over K. For each /' = 1,..., n we can extend a, to an automorphism t, of L*. Denote by X* the difference field with underlying field L* and transforming operators t,,...,t". X* will be called anormal closure of X/% U X/J(is finitely generated then ^*/I^is finitely generated. Proposition 2.1. Let X be a difference field extension of the difference field J( with underlying extension L/K Galois, G the Galois group of L/K, f,... ,fn the respective automorphisms induced on G by the transforming operators a,,..., a" of X, and 2 the set of all products of integral powers of the a,. A subextension &>H/J( of X/J( is finitely generated if and only if there exists an open subgroup N of G such that fi {f(N) | t G 2} = GMT) where if t -of .. .<$ then t = fk> .. ./<*».
Further, if for each pair (ij) of integers with 1 < i < n and 1 < j < n inere is a g¡j in G such that af] a~i a¡Oj = g¡j (i.e. the transforming operators ax,... In the context of Proposition 2.1, if E is a subgroup of G, <£> will denote the stable subgroup H /*' .. .f"k"(E). Theorem 2.1. Let J(be a difference field with underlying field K and transforming operators ou ..., on which commute on K, Xan extension of D( with underlying field L separable algebraic over K. If X/3( is finitely generated then any subextension is finitely generated.
Proof. We can assume L/K is normal for if J?* is a normal closure of X/3( then X*/EKis finitely generated. Let G be the Galois group of L/K and/,.fn the automorphisms induced on G by a,,..., a" respectively. Before proceeding with the proof of Theorem 2.1 we will prove that Theorem 2.1 implies that if G is of finite type it has the descending chain condition (dec) for closed stable subgroups. If {T} is a decreasing sequence of closed stable subgroups then T = D T¡ is a closed stable subgroup whose fixed field is a finitely generated extension of D(. Proposition 2.1 implies there exists an open subgroup U of G such that <£/> = T. Lemma 2.1 implies there exists an / such that T¡ Ç U. Since T¡ is stable T C Tt Ç (U) = T. The proof of the converse of this implication can be found in the proof of Theorem 2.1, to which we now return.
We proceed by induction on n, the number of transforming operators. The proofs of the case n = 1 and the induction step are carried out simultaneously.
Let is of finite type and by the inductive assumption has the dec for closed stable subgroups. (In the case n = 1, 771//771/+1 is a finite group.) Similarly we can show that, for each nonnegative integer /, (Fi,/F|/+i ;/,,... ,f"-\) has the dec for closed stable subgroups.
For each nonnegative integer /, {77y//7/7/+1 \j = 1,2,...} is a decreasing sequence of closed stable subgroups of /70///70/+1 (up to an isomorphism of the form (p0/ ... <Pj-{j). Hence by the dec there exists for each / a positive integer/ such that (fjj is an isomorphism if j > j). We claim that if y > j¡ then a7, is an isomorphism. If not, then it is not epic, so 5 = H0JHjl+x c 77,,/. 5 is a closed subgroup of 77,. Since Hj¡ is a normal topological space there exists an open subgroup U of 77, such that US c 7F,,. {77,, \ i =j,j + \,...} is a decreasing sequence of closed subgroups of 77, whose intersection is 770, C US. By Lemma 2.1 there exists i >j such that 77,, Ç US. Now 77y77,,+ 1 C US c 77,, contradicting the fact that <p(j/ ... <p,, is an isomorphism. where t, is the identity, r2 is the natural map, and t3 is an injection, t, is an isomorphism, t2 is a monomorphism, and t3 is a monomorphism which is not epic. Hence t3t2T! is not epic. But t3t2t, = aJo¿p, contradicting the fact that a,j is an isomorphism if / > /0 and j > j0. If (b) occurs we can, using an argument similar to the one above, contradict the fact that ßj, is an isomorphism for some / and y where / > l0 and y > j0. 3. Limit groups of ordinary difference fields. Throughout this section l*f will be a difference field with underlying field K and one transforming operator o, and will be a finitely generated extension of D( whose underlying field L is Galois over K; G will be the Galois group of L/K and/the automorphism of G induced by a.
Since jyi^is finitely generated, it follows from Proposition 2.1 that there is an open invariant subgroup A of G such that Pi Nk = (e). As in the proof of Theorem 2.1, we have monomorphism cpQ : N/N n A, -> G/A and <p, : H n/ n Nk -» W Nk/ C\ Nk for / = 1, 2,...
where ap¡(g Dk+J0 Nk) =/~'(g) ni=o^.
Since all the above factor groups are finite, there is an m such that <p" is an isomorphism if n > m. Definition 3.1. The subgroup <p0 ... opm(r\k=0 Nk/ n£í"* Nk) of G/N is called the limit group of G (or X/ZK) with respect to N, and we denote it by lN(G).
lN(G) is not independent of our choice of N, as the following example shows: Example 3.1. Let ..., t..x ,t0,tx,... be a collection of elements algebraically independent over the field C of complex numbers, and let L = C(... ,t-X,t0, tx,...). Let a be the automorphism on L which is the identity on C and maps f, into/,+1. ./'will be the difference field with underlying field L and transforming operator a. Define 5( to be the difference field with underlying field K = C(... ,x_x,x0,xx,...)
where x{ = tf and transforming operator o | K. Clearly L/K is Galois. Let N be the subgroup of G, the Galois group of L/K, with fixed field K(t0). There are however many properties of limit groups which are independent of the choice of N. Theorem 3.1 will reflect these properties.
One should note that the order of a limit group of X/D( is the limit degree of is not epic, tj is one-to-one and by Proposition 3.1 both factor groups are isomorphic to lN(G) and thus are of the same order. Hence tj is epic, a contradiction. The last equality follows from the fact that since lx(G) = X/X n A',, the monomorphism $ : C\nk=0 Xk / nnk±0 Xk -» A/A" n Xx given by ^(gPl^A*) = f~"(g)(X n A,) is an isomorphism. Hence F = nj!l¿ Zt and <p" is an isomorphism for n > 0, and thus lz/H(G/H) =ë Z/Z n Z,. Proof. Clearly F is a subgroup of G. To show F is closed, consider the map A : G -» G defined by X(g) = g'if(g). X is continuous since it is the composition of the continuous maps a, ß: when G%G X GÍG, a(g) = (g"',/(g)),
and ß(g,h)
= gh. D = X~l(e) is therefore closed in G. Remark 4.2. F will be called the Galois group of X/J(. The mapping A defined in Proposition 4.1 will play an important role in §5. We again return to consider extensions X/D( which are finitely generated. There is an open invariant subgroup A of G such that A n C = (e). Let P = H Ak, a closed invariant stable subgroup of G. G/P is of finite type.
We claim C(G/P) = CP/P. Clearly CP/P C C(G/P). If CP = G then G/P = CP/P a C/C n F = C ç (<?). Hence (G : F) < oo (i.e. F is open in G). Thus We now have G/P of finite type with core CP/P at C/C n F = C which is A difference field extension <^/S is monadic [4, p. 196] if the maximal number of difference isomorphisms of cA/ZZ into any extension of B is one. Since L/K is Galois, X/3( is monadic if and only if the difference Galois group F = {g G G I /(g) = g} of X/3(is the identity group. As usual we will say (G,f) or simply G is monadic if and only if X/D(is monadic. Proof. Let H = G(<=M). X is one-to-one on G and maps H onto itself. We want to show X' is one-to-one on G/H (X'(gH) = X(g)H) or equivalently if g G G and
Hence, g = h.
Theorem 5.5. // X/ZK « monadic and X(C)/ZK is finitely generated where C = C(G) then X/ZK is universally compatible.
Proof. X/X(C) is universally compatible. By Lemma 5.2, X(C)/ZKis monadic. Hence, X' : G/C -* G/C is onto. Hence X(C)/ZK is universally compatible. By Theorem 5.3, X/ZK is universally compatible.
Example 5.1. Theorem 5.5 implies that if X/ZK is finitely generated and monadic then X/ZK is universally compatible. We now construct an example of a monadic extension which is not universally compatible.
Let «[ = -1 and for n = 2, 3,... let w" be the primitive 2"th root of unity which satisfies x2 -«"_, = 0. For n = 2, 3,..., co"_,<o" is a primitive 2"th root of unity. If Q is the field of rational numbers we can define inductively on Q(un) an automorphism o" such that a"(w") = «"_, wn and o" | ß(w"-i) = o"_x. Let AT be U£i Q(o3") and a the automorphism defined on K by the o". Denote by I^the difference field (K, o). where Lx = A(^ ). j?, /ZK is not universally compatible since it is finitely generated and not monadic. In particular «p defined by <p(£] ) = -£, is a nontrivial difference automorphism of Xx /ZK. By Theorem 5.2 any extension of Xx is not universally compatible over ZKWe inductively define a sequence of difference fields {Xn} such that Xn is an extension of X"_x, Xn has underlying field L(£") where £" is a root of x2" -5 and phism <p : N/N n Nx -» G/N given by <p(gA n Nx) = f~}(g)N is onto we are done, so we assume F = NN_X c G. U F = N then, by Lemma 5.1, A^ is stable. Since (G : N) < oo, G and A have limit groups of equal order. Hence N = G, contradicting F ^= G. Thus, we also assume N c F.
Let // = H Fk a closed invariant stable subgroup of G. The limit group of H is (e); otherwise the order of a limit group of G is equal to the order of a limit group of H and, by Theorems 3.1 and 3.2, (e) is the limit group of G/H which implies (G : H) < oo. Since C(G) = G, H = G, a contradiction.
By Theorems 3.1 and 3. Proof. If the order of a limit group of G is one then G is finite. Since G is finite and universally compatible D = (e) and the theorem follows.
Assume the theorem true for all groups G with limit groups of order less than n,n > 1, and let G have limit groups of order n. By Theorem 3. If G has no invariant, closed stable subgroups H such that the order of a limit group of H is different from one or n then by Babbitt's Lemma G is benign. By Proposition 4.2, G has a limit group isomorphic to D and the theorem follows.
Suppose that H is a closed invariant stable subgroup of G with a limit group of order k where 1 < k < «. Since H is of finite type C(H) is an open, invariant, stable subgroup of H. There exists an open invariant subgroup A of G such that N n H Ç C(H). (H : N n H) < oo and A' n # is an invariant subgroup of G.
The group generated by U fk(N n H) is an invariant stable subgroup of G. The closure M of this group in G is a closed invariant stable subgroup of G contained in C (77) . Hence M = C(77) and C(H) is an invariant subgroup of G.
The order of any limit group of C (77) Proof. F = (e). By Theorem 5.5, G is universally compatible and by the above theorem its finite groups are of order one. Hence G is finite.
Example 5.2. We now give an example of a finitely generated extension X/D( which is not benign and whose core, X(C(G)), is % Let D( be the difference field whose underlying field is C(z) where C is the complex numbers and z is transcendental over C and whose transforming operator is the automorphism a of C(z) given by a(a) = a if a G C and o(z) = z + 1. Choose elements uk, vk, wk for k = 0, ±1,... in the algebraic closure of K such that u\ = z + k, v\ = uk + uk+x and wk = uk -uk_x for each integer k. Let F = K({uk,vk \ k = 0,±1,...}) and let a be the automorphism of L which extends a on A and such that a(vk) = vk+x and a(wk) = wk+x for each integer k. Let X = (L, o). X/3( has core D{ and hence is universally compatible. (See [4, pp. 306-307] .) X/D(is finitely generated; in fact X = D(<£v0, w0». By Theorem 5.7 the order of F, the difference Galois group of X/SX, is equal to the order of any limit group of G, the Galois group of L/K, which is equal to the limit degree of X/% The limit degree of X/lXis 8. (See [4, p. 135] .) F consists of the automorphism q>jk, \pjJc, j = 1, 2, A: = 1,2, defined by <PjAVn) = (-iy«V <P,,*K) -(-l)*w", ¡pM(vn) = (r-iy/t/,, and ^(w") = (-1)ŵ here z'2 = -1. To see this let ¿M = JTif «m0» a benign limit degree two extension of .% The difference Galois group of ¿M/D< consists of two elements, the identity, <p, and \p where \p(un) = -u" for all n. X/J\l\ is benign and hence universally compatible. By Theorem 5.6 every element in D is an extension of either <p or \p. There are four possible extensions of each and they are given by %,k' ^j.k> /» k = 1,2. Since \D\ = 8, F must consist of exactly these automorphisms. Corollary 4.2 implies that if X/3(is benign then G s X^,^ Dk where Dk = D for all k. Since F is abelian, G would also be abelian. To show X/D(not benign we construct an isomorphism t of L/K such that T<p3 = «¡p3t.
Let p be an automorphism of K(... ,u_x,u0,ux,... )/K defined by p(u2n) = u2", p(u2n+x) = -u2"+\ for each integer n. Extend p to an automorphism t of L/K. If t(v0) = a then a2 = t(^) = t(w0 + t/,) = u0 -ux, so u = ±w0. Now <P3t(í;o) = <p3(±w0) = ±w0, but Ttp2(v0) = t(-vq) = TwQ.
